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Abstract

This paper studies the mean-square exponential input-to-state stability of delayed Cohen-Grossberg neural networks
with Markovian switching. By using the vector Lyapunov function and property of M-matrix, two generalized Halanay
inequalities are established. By means of the generalized Halanay inequalities, sufficient conditions are also obtained,
which can ensure the exponential input-to-state stabilityof delayed Cohen-Grossberg neural networks with Markovian
switching. Two numerical examples are given to illustrate the efficiency of the derived results.
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1. Introduction

In 1983, Cohen and Grossberg presented a neural network [1],which is now called Cohen-Grossberg neural net-
work(CGNN). As we know, Cohen-Grossberg neural networks include the famous Hopfield neural networks, cellular
neural networks as its special cases. This model has been paid much considerable attention due to its wide applica-
tions in various areas such as pattern classification, associative memory, parallel computation, optimization, system
identification and control, moving object speed detection and so on. Accordingly, a great number of results have been
published concerning CGNNs [2]-[7] and the references cited therein.

Time delays are unavoidable in hardware implementation owing to the finite switching speed of amplifiers. It may
often leads to the oscillation, divergence, and even instability during the application of neural networks. In the pastfew
years, delayed neural networks have been extensively studied by researchers and there have appeared a large number
of results in the literature, for instance [2], [5], [7]-[9]and references therein. In addition, since Markovian jump
linear systems were firstly introduced in early 1960s, various systems driven by continuous time Markovian chains
have been widely employed to practical systems where they may experience abrupt changes in system structure and
parameters. In such a case, neural networks can be represented by a switching model which can be regarded as a
set of parametric configurations switching from one to another according to a given Markovian chain (see [10]-[15]).
Taking the time delays and Markovian switching into account, it is actually valuable to investigate the stability of
delayed Cohen-Grossberg neural networks (DCGNNs) with Markovian switching.

It is well-known that the stability of neural network is not only the most basic and important problem but also the
foundation of neural network’s applications. Recently, there have been a lot of literature on the stability analysis of
neural networks reported in the literature (see [16]-[22]). On the other hand, the input-to-state stability (ISS) is one
of the useful properties for nonlinear systems (see [5], [7]). The ISS concept means that no matter what the initial
state is, if the inputs are uniformly small, then the state ofthe neural networks must eventually be small. It offers
an effective way to handle the stabilization of neural network applications in the presence of various uncertainties.

∗Corresponding Author.
E-mail addresses: liulei hust@hhu.edu.cn(L. Liu)

Preprint submitted to Elsevier July 11, 2016

© 2016. This manuscript version is made available under the Elsevier user license

http://www.elsevier.com/open-access/userlicense/1.0/

http://ees.elsevier.com/neunet/viewRCResults.aspx?pdf=1&docID=5689&rev=1&fileID=154570&msid={5248E3C6-532D-453F-AE47-8251A80D8708}


Recently, some results on the ISS properties are obtained for neural networks. For example, Sanchez and Perez [23]
investigated the ISS properties and gave some matrix norm conditions on ISS of recurrent neural networks (RNNs)
firstly. Ahn utilized Lyapunov function method to discuss robust stability problem for a class of RNNs, and also
some LMI sufficient conditions have been proposed to guarantee the ISS in [24]. It is Zhu and Cao who firstly
investigated the exponential ISS for stochastic neural networks in [7] and [25] . Recently, we have also noticed that
some scholars begin to discuss the exponential stability ofneural networks by means of the vector Lyapunov function
methods, see e.g. [5], [8], [12]. For example, Shen and Wang [12] have considered the exponential stability of
DRNNs with Markovian switching by a generalized vector Halanay inequality. By using the Razuminkhin technique,
two sufficient criteria on mean square exponential ISS of stochasticdelayed exponential ISS of are derived in [5]. It
is well-known that the existing criteria can not handle the exponential ISS of DCGNNs with Markovian switching,
since the simulataneous presence of external input item andswitching mechanism. To the best of our knowledge, the
exponential ISS of DCGNNs with Markovian switching has scarcely been investigated. As such, this issue constitutes
the first motivation of this paper.

Moreover, for most of the existing stability criteria for neural networks, described by scalar Lyapunov function or
vector Lyapunov function, the time-delayed item and the non-delay item are separated in correspondingL -operator
differential inequality. It is well-known that the cross items will inevitably arise when using the Lyapunov function
to study the stability of delayed systems. While most scholars choose to use the elemental inequality to deal with the
cross items. As a result, these proposed methods seem to be more conservative. Naturally, an interesting question is
generated whether the cross items could arise in the vectorL -operator differential inequality? Solving this problems
is the second motivation of this paper.

Summarizing the above statements, the focus of this paper isto discuss the exponential ISS for DCGNNs with
Markovian switching, and obtain the criteria described by vectorL -operator differential inequality with cross items.
The main contributions of this paper lie in two aspects: 1) Byusing the vector Lyapunov functions and stochastic
analysis technique, two generalized stochastic vector Halanay inequalities are established; 2) Based on the novel
Halanay inequalities, sufficient algebraic criteria with less conservative are obtained to ensure the ISS in mean square
sense.

The remainder of this paper is organized as follows. Section2 introduces the model of DCGNNs with Markovian
switching and gives some necessary notations. Section 3 presents the main results. Two numerical examples are given
to show the effectiveness of the main results in Section 4. Finally, concluding remarks are made in Section 5.

2. Models and preliminaries

Throughout this paper, unless otherwise specified, we let (Ω,F , {Ft}t≥0,P) be a complete probability space with a
filtration {Ft}t≥0 satisfying the usual conditions (i.e., it is right continuous andF contains all P-null sets). Letτ > 0 and
C = C([−τ, 0],Rn) denote the family of continuous functionsϕ from [−τ, 0] to Rn with the norm‖ϕ‖τ=sup−τ≤θ≤0 |ϕ(θ)|,
where| · | is the Euclidean norm inRn. Denote byL2

Ft
the family of allC([−τ, 0]; Rn)-valued,Ft−adapted stochastic

variablesφ = {φ(s),−τ ≤ s ≤ 0} such that
∫ 0

−τ
E|φ(s)|2ds < ∞, whereE stands for the correspondent expectation

operator with respect to the given probability measurableP. The set of all essentially bounded functionsu : R+ → Rn,
endowed with essential supremum norm‖u‖∞ = sup{|u(t)|, t ≥ 0}, is denoted byLn

∞. A functionϕ : R+ → R+ is
said to be class ofK if it is continuous and strictly increasing and satisfiesϕ(0) = 0; it is of classK∞ if in addition
ϕ(s) → ∞ ass→ ∞. Let G is a vector or matrix. ByG ≥ 0 we mean that each element ofG is non-negative. By
G≫ 0 we mean that all elements ofG are positive. And ifG = (gi j )n×n ∈ Rn×n, we denote|G| = (|gi j |)n×n, Ḡ = (ḡi j )n×n

with ḡi j = gi j (i , j), ḡii = g+ii = max{gii , 0}, i = 1, · · · , n. Moreover, we also adopt here the traditional notation by
letting

Zn×n = {A = {ai j }n×n : ai j ≤ 0, i , j}.

Let {r(t)(t ≥ 0)} be a right-continuous Markovian chain on the probability space taking values in a finite state
spaceM = {1, 2, · · · ,N} with generatorΓ=(γi j )N×N given by

P{r(t + ∆) = j|r(t) = i} =











γi j∆ + o(∆) i , j

1+ γii∆ + o(∆) i = j,
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where∆ > 0. Hereγi j ≥ 0 is the transition rate fromi to j if i , j while γii = −Σi, jγi j .
In this paper, we consider a DCGNN with Markovian switching

dxk(t) =hk(xk(t))
[

− dk(r(t), xk(t)) +
n

∑

l=1

akl(r(t)) fl(xl(t))

+

n
∑

l=1

bkl(r(t)) fl(xl(t − τl(t))) + uk(t)
]

dt, k = 1, 2, · · · , n,

(1)

for t ≥ 0 with initial value ξ ∈ C, r0 ∈ M, wherex(t) = (x1(t), x2(t), · · · , xn(t))T is the state of the neuron at
time t, H(x(t)) = diag(h1(x1(t)), h2(x2(t)), · · · , hn(xn(t))) represents the amplification function of the neuron at time t,
D(i, x(t)) = diag(d1(i, x1(t)), d2(i, x2(t)), · · · , dn(i, xn(t)))T is the appropriately behaved function dependent ont and on
the state processesx(t), while A(i)=(akl(i))n×n andB(i)=(bkl(i))n×n describe the connection weight matrices associated
without delays and with delays, respectively.τl(·) l = 1, · · · , n denote the time-varying delay, that satisfies 0≤
τl(t) ≤ τ, whereτ is the maximal delay.U(t) = (u1(t), u2(t), · · · , un(t))T is the external input function at timet,
f (x(t)) = ( f1(x1(t), f2(x2(t), · · · , fn(xn(t))T and f (x(t − τ(t))) = ( f1(x1(t − τ1(t)), f2(x2(t − τ2(t)), · · · , fn(xn(t − τn(t)))T

are vector-valued activation functions.
In order to prove our main results, we make the following assumptions on the amplification functions, behaved

functions, and activation functions.

Assumption 1: There exist positive constantshk , hk such that

0 < hk ≤ hk(x) ≤ hk, x ∈ R, k = 1, 2, · · · , n.

Assumption 2: For i ∈ M, there exist positive constantsδk(i) such that

xdk(i, x) ≥ δk(i)x2, x ∈ R, k = 1, 2, · · · , n.

Assumption 3:. There exist positive constantsMk such that

0 ≤
fk(x) − fk(y)

x− y
≤ Mk, x, y ∈ R, k = 1, 2, · · · , n.

Let C2,1(Rn × R+ × M; R+) denote the family of all nonnegative functionsV(x, t, i) on Rn × R+ × M, which are
continuously twice differentiable inx and once int. Then we can define an operatorL V from R2n × R+ ×M to Rby

L V(x, y, t, i) = Vt(x, t, i) + Vx(x, t, i)
{

H(x)[−D(i, x) + A(i) f (x) + B(i) f (y) + U(t)]
}

+

n
∑

j=1

γi j V(x, t, j).

Definition 1: The DCGNN with Markovian switching (1) is said to be mean-square exponentially input-to-state
stable, if there exist constantsλ > 0, L > 0 andϕ ∈ K∞ such that the solutionx(t; ξ, r0) satisfies

E|x(t; ξ, r0)|2 ≤ LE‖ξ‖2τe
−λt + ϕ(‖u‖2∞).

for anyξ ∈ L2
Ft

, u(t) ∈ Ln
∞, r0 ∈ M andt ≥ 0.

Definition 2: Let g : R→ Rbe a continuous function, defineD+g the upper right Dini-derivative ofg as

D+g(t) = lim sup
δ→0+

g(t + δ) − g(t)
δ

.

Lemma 2.1: (Berman and Plemmons, 1979 [28]). IfA ∈ Zn×n , then the following statements are equivalent:
(1) A is a nonsingular M-matrix.
(2) A is semipositive; that is, there existsx≫ 0 in Rn such thatAx≫ 0.
(3) A−1 exists and its elements are all nonnegative.
(4) All the leading principal minors ofA are positive.
Remark 2.1: It is clear that mean-square exponential ISS is mean-squareexponential stability whenU ≡ 0. Therefore,
mean-square exponential ISS is more general than mean-square exponential stability.
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3. Main results

In this section, the stability is studied for the DCGNN with Markovian switching (1). To begin with, we introduce
the following Lemmas which will be used in the proof of the main results.

3.1 Stochastic vector Halanay inequality
Lemma 3.1: Assume that x(t) is a real-valuedFt-adapted process on[−τ,∞), let P= diag{p1, · · · , pn}, Q = (qkl)n×n

with pk > 0, qkl ≥ 0, k, l = 1, 2, · · · , n, and I1(t), · · · , In(t) ∈ Ln
∞. Moreover, there exist functions V1, · · · ,Vn ∈

C(Rn × R+ ×M,R+) such that

D+EVk(x(t), t, r(t)) ≤ − pkEVk(x(t), t, r(t)) +
n

∑

l=1

qkl sup
−τ≤θ≤0

√

EVl(x(t + θ), t + θ, r(t + θ))

×
√

EVk(x(t), t, r(t)) + Ik(t),

(2)

for all t ≥ 0. If pk −
∑n

l=1 qkl > 0, then for any initial dataξ ∈ C, r0 ∈ M, the solution of system(1) has the following
property

EVk(x(t), t, r(t)) ≤ Ke−λt + βt, t ≥ 0, k = 1, 2, · · · , n. (3)

where K=
∑n

k=1 EVk(x(0), 0, r(0)), λ = min1≤k≤n λk, λk = sup
{

̺ > 0, pk −
∑n

l=1 qkle̺τ − ̺ > 0
}

, βt = max1≤k≤n

(

(pk −

∑n
l=1 qkl)−1I t

k

)

, I t
k = sup0≤s≤t Ik(s), I t = (I t

1, · · · , I
t
n)T .

proof: Let us first prove thatλ > 0. In fact, for any fixedk, let Fk(̺) = pk −
∑n

l=1 qkle̺τ − ̺. Obvious,Fk(0) > 0.
FromFk(∞) < 0 andḞk(̺) = −τ

∑n
l=1 qkle̺τ − 1 < 0, there must exist a uniqueλk > 0 such thatFk(λk) = 0. From the

definition ofλk, we haveλ > 0. In order to prove (3), it is sufficient to prove∀λ∗ ∈ (0, λ)

EVk(x(t), t, r(t)) − βt ≤ Ke−λ
∗t, t ≥ 0. (4)

Let Wk(t) = EVk(x(t), t, r(t)) − βt, Z(t) = Ke−λ
∗t for simplicity. If (4) is not true, then there must be a constant t∗ > 0

andk̄ ∈ {1, 2, · · · , n} such that

Wk̄(t
∗) = Z(t∗), (5)

D+Wk̄(t
∗) ≥ D+Z(t∗), (6)

Wk(t) ≤ Z(t), k = 1, 2, · · · , n, t ∈ [0, t∗]. (7)

Since theβt
k is non-decreasing witht, simple computation shows that

D+Wk(t∗) = D+
(

EVk(x(t∗), t∗, r(t∗)) − βt
k

)

≤ D+EVk(x(t∗), t∗, r(t∗)).

Together with condition (2) yields

D+Wk̄(t
∗) ≤ D+EVk̄(x(t∗), t∗, r(t∗))

≤ −pk̄EVk̄(x(t∗), t∗, r(t∗)) +
n

∑

l=1

qk̄l sup
−τ≤θ≤0

√

EVl(x(t∗ + θ), t∗ + θ, r(t∗ + θ))
√

EVk̄(x(t∗), t∗, r(t∗)) + I t∗

k̄

≤ −pk̄

(

K exp{−λ∗t∗} + βt
)

+

n
∑

l=1

qk̄l

√

(

K exp{−λ∗t∗} + βt
)(

K exp{−λ∗(t∗ − τ)} + βt
)

+ I t∗

k̄

< −pk̄

(

Ke−λ
∗t∗ + βt

)

+

n
∑

l=1

qk̄l

(

K exp{−λ∗(t∗ − τ)} + βt
)

+ I t∗

k̄

<

( n
∑

l=1

qk̄le
λ∗τ − pk̄

)

Ke−λ
∗t∗ −

(

pk̄ −

n
∑

l=1

qk̄l

)

βt + I t∗

k̄
. (8)
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It follows from the definition ofλ andβt∗ that

pk −

n
∑

l=1

qkle
λkτ − λ∗ > 0, I t∗

k̄
≤

(

pk̄ −

n
∑

l=1

qk̄l

)

βt∗ . (9)

Substituting (9) into (8) yields

D+Wk̄(t
∗) < −λ∗K exp{−λ∗t∗} = D+Zk̄(t

∗).

It contradicts the inequality (6). Hence, (4) holds for allt ≥ 0. Therefore, lettingλ∗ → λ, (2) holds. The proof is
completed.2

Remark 3.1:In comparison with the vectorL -operator differential inequality present in [5] and [8], the time-delayed
item and non-delay item are mixed in the differential inequality (2). Thus the magnification on the cross-item by the
elemental inequality could be avoided.

Remark 3.2:WhenIk(t) = 0, the inequalities (2) can be rewritten as:

D+EVk(x(t), t, r(t)) ≤ −pkEVk(x(t), t, r(t)) +
n

∑

l=1

qkl sup
−τ≤θ≤0

√

EVl(x(t + θ), t + θ, r(t + θ))
√

EVk(x(t), t, r(t)).

(10)

It is just the Halanay inequalities that presented by Shen and Wang in [12] with constant coefficient. Hence, the vector
Halanay inequalities have been extended to a more general form.

Now we will provide a improved condition for vectorL -operator differential inequality (10) on exponential sta-
bility by using the property of M-matrix.

Lemma 3.2: Assume that x(t) is a real-valuedFt-adapted process on[−τ,∞), let P= diag{p1, · · · , pn}, Q = (qkl)n×n

with pk > 0, qkl ≥ 0, k, l = 1, 2, · · · , n. Moreover, there exist functions V1, · · · ,Vn ∈ C(Rn × R+ ×M,R+) such that
(10) holds for all t≥ 0. If P − Q is a nonsingular M-matrix, then for any initial dataξ ∈ C, r0 ∈ M, the solution of
system(1) has the following property

(

EVk(x(t), t, r(t))
)1/2
≤ αkK1/2exp{−λt}, k = 1, 2, · · · , n, (11)

t ≥ 0, whereα = (α1, · · · , αn)T ≫ 0, min1≤k≤nαk ≥ 1, λ = min1≤k≤n sup
{

̺ > 0, 0.5αkpk −
∑n

l=1 0.5αlqkle̺τ − αk̺ > 0
}

,
K are defined in Lemma3.1.
proof: SinceP−Q is a nonsingular M-matix, there must existα = (α1, · · · , αn)T ≫ 0 with min1≤k≤nαk ≥ 1, such that
pkαk −

∑n
l=1αlqkl > 0. By virtue of similar technique presented in the Lemma 3.1,we can show thatλ > 0. Now we

process to prove (11). It is sufficient to prove∀λ∗ ∈ (0, λ)

(

EVk(x(t), t, r(t))
)1/2
≤ αkK1/2e−λ

∗t, t ≥ 0. (12)

Let Wk(t) = EVk(x(t), t, r(t)), HK(t) = αkK1/2e−λ
∗t for simplicity. If (12) is not true, then there must exist a constant

t∗ > 0 andk̄ ∈ {1, 2, · · · , n} such that

Wk̄(t
∗) = Hk(t∗), (13)

D+Wk̄(t
∗) ≥ D+Hk(t∗), (14)

Wk(t) ≤ Hk(t), k = 1, 2, · · · , n, t ∈ [0, t∗]. (15)
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By the definition ofλ, we have−λ∗αk + 0.5pkαk +
∑n

j=1 0.5αlqkl exp{λ∗τ} < 0. Simple computation shows that

D+Hk̄(t
∗) = −λ∗αk̄K1/2 exp{−λ∗t∗}

> 0.5
(

− pk̄αk̄ +

n
∑

l=1

qk̄lαl exp{λ∗τ}
)

K1/2 exp{−λ∗t∗}

≥ −0.5pk̄αk̄K1/2 exp{−λ∗t∗} +
n

∑

l=1

qk̄lαl exp{λ∗τ}K1/2 exp{−λ∗(t∗ − τ)}

≥ −0.5pk̄Wk̄(t
∗) + 0.5

n
∑

l=1

qkl sup
−τθ≤0

Wl(t∗ + θ). (16)

Nothing that

2Wk̄(t
∗)D+Wk̄(t

∗) ≤ −pk̄W
2
k̄
(t∗) +

n
∑

l=1

qk̄lWk̄(t
∗) sup
−τθ≤0

Wl(t
∗ + θ). (17)

This implies
D+Hk̄(t

∗) > D+Wk̄(t
∗).

It contradicts the inequality (15). Hence, (12) holds for all t ≥ 0. Therefore, lettingλ∗ → λ, (11) holds. The proof is
completed.2

Remark 3.3: Obviously, the conditionpk >
∑n

l=1 qkl has been weakened to thatP− Q is nonsingular M-matrix. As a
result, the condition presented in [12] has been improved.

3.2 Exponential input-to-state stability
The main aim of the subsection is to establish criterion on mean square exponential ISS by the generalized vector

Halanay inequality presented in Lemma 3.1.

Theorem 3.1:Let Assumption1−3 hold. If there exist positive diagonal matrices S(i) = diag{s1(i), · · · , sn(i)}, i ∈ M,
such that pk −

∑n
l=1 qkl > 0, where

pk = min
i∈M

{

(2hkδk(i) − hk − 2hkakk(i)Mk)(sk(i))−2 −

N
∑

j=1

γi j (sk( j))−2
}

min
i∈M

{

s2
k(i)

}

,

qkl =



























max
i∈M

{

{2hk|bkk(i)|Mk(sk(i))−2}

}

max
i∈M

{

s2
k(i)

}

, k = l,

max
i∈M

{

{2hk(sk(i))−2(|akl(i)| + |bkl(i)|)Ml}

}

max
i∈M

{

sk(i)
}

max
i∈M

{

sl(i)
}

, k , l.

then the system(1) is mean-square exponentially input-to-state stable.

Proof: Let xl(t) = x(t, ξ, r0), xτl (t) = (t − τl(t), ξ, r0) for simplicity. Applying the Itô formula [11] toVk(x(t), i) =
(sk(i))−2x2

k(t) yields

L Vk(x(t), xτ(t), i) =2(sk(i))−2xk(t)hk(xk(t))
[

− dk(i, xk(t)) +
n

∑

l=1

akl(i) fl(xl(t)) +
n

∑

l=1

bkl(i) fl(xτl (t)) + uk(t)
]

+

N
∑

j=1

γi j (sk( j))−2x2
k(t)

≤ − 2hk(sk(i))−2xk(t)dk(i, xk(t)) + 2hk(sk(i))−2|xk(t)||uk(t)| + 2hk(sk(i))−2
n

∑

l=1

akl(i)xk(t) fl(xl(t))
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+ 2hk(sk(i))−2
n

∑

l=1

bkl(i)xk(t) fl(xτl (t)) +
N

∑

j=1

γi j (sk( j))−2x2
k(t)

≤ − 2hk(sk(i))−2δk(i)x2
k(t) + hk(sk(i))−2(εkx2

k(t) +
u2

k(t)

εk
) + 2hk(sk(i))−2

n
∑

l=1

akl(i)xk(t) fl(xl(t))

+ 2hk(sk(i))−2
n

∑

l=1

bkl(i)xk(t) fl(xτl (t)) +
N

∑

j=1

γi j (sk( j))−2x2
k(t)

≤ − pk(ε, i)) min
i∈M

(sk(i)) max
i∈M

(sk(i))−2x2
k(t) + ε−1

k hk max
i∈M

(sk(i))−2u2
k(t)

+ 2hk(sk(i))−2
n

∑

l=1,l,k

|akl(i)|Ml max
i∈M

(sk(i)) max
i∈M

(sl(i)) min
i∈M

(sk(i))−1|xk(t)|min
i∈M

(sl(i))−1|xl(t)|

+ 2hk(sk(i))−2
n

∑

l=1

|bkl(i)|Ml max
i∈M

(sk(i)) max
i∈M

(sl(i) min
i∈M

(sk(i))−1|xk(t)|min
i∈M

(sl(i))−1|(xτl (t))|,

wherepk(ε, i) =
(

2hkδk(i)− hkεk − 2hkakk(i)Mk(sk(i))−2−
∑N

j=1 γi j (sk( j))−2). The well-known Hölder inequality yields
that

EL Vk(x(t), xτ(t), i) ≤ − pk(ε, i)) min
i∈M

(sk(i))E
(

max
i∈M

Vk(x(t), i)
)

+ Ik(t)

+ 2hk(sk(i))−2
n

∑

l=1,l,k

|akl(i)|Ml max
i∈M

(sk(i)) max
i∈M

(sl(i))
√

E min
i∈M

Vk(x(t), i)
√

E min
i∈M

Vl(x(t), i)

+ 2hk(sk(i))
−2

n
∑

l=1

|bkl(i)|Ml max
i∈M

(sk(i)) max
i∈M

(sl(i)
√

E min
i∈M

Vk(x(t), i)
√

E min
i∈M

Vl(xτ(t), i),

whereIk(t) = ε−1
k hk max

i∈M
(sk(i))−2u2

k(t). According to the generalized Itô formula [11] and Definition 2, we have

D+EVk(x(t), r(t)) ≤ − pk(ε)E(Vk(x(t), r(t)) +
n

∑

l=1

qkl sup
−τ≤θ≤0

(

√

E(Vk(x(t), r(t))

×
√

E(Vl(x(t + θ), r(t))
)

+ Ik(t).

wherepk(ε) = mini∈M pk(ε, i) mini∈M(sk(i)). SinceP = diag
(

p1, . . . , pn
)

andQ = (qkl)n×n are continuously dependent
on its elements, we can claim that there existsε > 0 such thatpk(ε) −

∑n
l=1 qkl > 0, k = 1, 2, · · · , n. It follows from

Lemma 3.1, for anyk = 1, 2, · · · , n

EVk(x(t), r(t)) ≤ Ke−λt + βt, t ≥ 0,

whereβt = max1≤k≤n

(

(pk(ε) −
∑n

l=1 qkl)−1I t
k

)

andλ = min1≤k≤n sup
{

̺ > 0, pk(ε) −
∑n

l=1 qkle̺τ − ̺ > 0
}

. Simple

computation shows that

K =
n

∑

k=1

EVk(x(0), r(0))≤ s−2
n

∑

k=1

E|xk(0)|2 ≤ s−2 sup
−τ≤θ≤0

E‖ξ(θ)‖2, (18)

E|xk(t)|2 ≤ s̄2(Ke−λt + βt). (19)

wheres̄= maxk∈M,1≤i≤n sk(i), s= mink∈M,1≤i≤n sk(i). By the definition ofI t
k, we have

βt = max
1≤k≤n

(

(pk(ε) −
n

∑

l=1

qkl)−1I t
k

)

= ε−1s−2 max
1≤k≤n

(

(pk(ε) −
n

∑

l=1

qkl)−1hk

)

sup
0≤s≤t

n
∑

k=1

u2
k(s)

≤ ε−1s−2 max
1≤k≤n

(

(pk(ε) −
n

∑

l=1

qkl)−1hk

)

‖u‖2∞. (20)
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Substituting (18) and (20) into (19) yields

E|xk(t)|2 ≤ s̄2s2E‖ξ‖τe
−λt +max

k∈M

(

ε−1
k hk

)

s−2‖u‖2∞,

Then we have

E‖x(t)‖2 ≤ LE‖ξ‖τe
−λt + ϕ(‖u‖2∞),

whereL = ns̄2s2, ϕ(t) = Nε−1s−2 max1≤k≤n

(

(pk(ε) −
∑n

l=1 qkl)−1hk

)

t.

Hence, from Definition 1, the DCGNN with Markovian switching(1) is mean-square exponentially input-to-state
stable. This completes the proof of Theorem 3.1.2

Noting that whenhk(xk(t)) = 1, dk(i, xk(t)) = dk(i)xk(t), system (1) degenerates into the following recurrent neural
network presented in [9]

dx(t) = [−D(r(t))x(t) + A(r(t)) f (x(t)) + B(r(t)) f (x(t − τ(t))) + U(t)]dt. (21)

Then the parameters in Theorem 3.2 can be rewritten as

pk = min
i∈M

{

(2dk(i) − 2akk(i)Mk)(sk(i))−2 −

N
∑

j=1

γi j (sk( j))−2
}

{

min
i∈M

s2
k(i)

}

, (22)

qkl =























max
i∈M

(

2(sk(i))−2(|akl(i)| + |bkl(i)|)Ml

)

max
i∈M

{

sk(i)
}

max
i∈M

{

sl(i)
}

, k , l,

max
i∈M

(

2(sk(i))−2|bkk(i)|Mk

)

max
i∈M

{

s2
k(i)

}

, k = l.
(23)

Then Theorem 3.1 has a concise form for system (21) as follows:

Corollary 3.1: System(21) is said to be mean-square exponentially input-to-state stable, if there exist positive diag-
onal matrices S(i) = diag{s1(i), · · · , sn(i)}, i ∈ M, such that pk −

∑n
l=1 qkl > 0.

Remark 3.4: Compared with the existing criteria on ISS in [5], [9] and [31], the amplification on cross items by the
elemental inequality and Younger inequality could be avoided with the help of generalized vector Halanay inequality
presented in Lemma 3.1. It also can be concluded that our ISS criterion has less conservative than the existing criteria
in [5], [9] and [31], which can be illustrated by the numerical Example 4.1.

3.3 Exponential stability

WhenU(t) ≡ 0, in this case, the exponential ISS degenerate into the exponential stability. In this subsection, we
assume that (1) has a unique equilibrium pointx∗. Let y(t) = x(t) − x∗, g(y(·)) = f (x(·) + x∗) − f (x∗). Then (1) can be
rewritten as

dy(t) = H(y(t))[−D(r(t), y(t)) + A(r(t))g(y(t)) + B(r(t))g(y(t − τ(t)))]dt. (24)

In addition, the activation functiong in (24) is also monotone nondecreasing and Lipschitz continuous like f in As-
sumption 3.

Theorem 3.2:Assume that there exist positive diagonal matrices S(i) = diag{s1(i), · · · , sn(i)}, i ∈ M, such that P−Q
is a non-singular M-matrix with P= diag

(

p1, · · · , pn
)

, Q = (qkl)n×n, then for any initial valueξ ∈ C, r0 ∈ M, the
state y(t, ξ, r0) of (24)satisfies

lim sup
t→∞

lnE|y(t, ξ, r0)|2

t
≤ −2λ, lim sup

t→∞

ln|y(t, ξ, r0)|
t

≤ −λ, a.s. (25)
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i.e., (24) is almost surely exponentially stable and mean square exponentially stable, whereλ = min1≤k≤n sup
{

̺ >

0, 0.5αkpk −
∑n

l=1 0.5αlqkle̺τ − αk̺ > 0
}

, with α = (α1, · · · , αn)T ≫ 0 such that(P− Q)α ≫ 0, min1≤k≤nαk ≥ 1, and

pk, qkl are defined in Theorem 3.1.

Proof: Let yl(t) = yl(t, ξ, r0), yτl (t) = yl(t − τl(t), ξ, r0) for simplicity. Applying the Itô formula toVk(y(t), i) =
(sk(i))−2|yk(t)|2 yields

L Vk(y(t), yτ(t), i) ≤ − 2hk(sk(i))−2yk(t)dk(i, yk(t)) + 2hk(sk(i))−2|yk(t)||uk(t)| + 2hk(sk(i))−2
n

∑

l=1

akl(i)yk(t) fl(yl(t))

+ 2hk(sk(i))−2
n

∑

l=1

bkl(i)yk(t) fl(yτl (t)) +
N

∑

j=1

γi j (sk( j))−2y2
k(t)

≤ −

[

2hk(sk(i))−2δk(i) − 2(sk(i))−2hkākk(i)Mk −

N
∑

j=1

γi j (sk( j))−2
]

y2
k(t)

+ 2hk(sk(i))−2
n

∑

l=1,l,k

|akl(i)|Ml |yk(t)||yl(t)| + 2hk(sk(i))−2
n

∑

l=1

|bkl(i)|Ml |yk(t)||yτl (t)|

≤ −

[

2hk(sk(i))−2δk(i) − 2(sk(i))−2hkākk(i)Mk −

N
∑

j=1

γi j (sk( j))−2
]

min
i∈M

(sk(i)) max
i∈M

(sk(i))−2y2
k(t)

+ 2hk(sk(i))−2
n

∑

l=1,l,k

|akl(i)|Ml max
i∈M

(sk(i)) max
i∈M

(sl(i)) min
i∈M

(sk(i))−1|yk(t)|min
i∈M

(sl(i))−1|yl(t)|

+ 2hk(sk(i))−2
n

∑

l=1

|bkl(i)|Ml max
i∈M

(sk(i)) max
i∈M

(sl(i) min
i∈M

(sk(i))−1|yk(t)|min
i∈M

(sl(i))−1|(yτl (t))|,

The well-known Hölder inequality yields that

EL Vk(y(t), yτ(t), i) ≤ −
[

2hk(sk(i))−2δk(i) − 2(sk(i))−2hkākk(i)Mk −

N
∑

j=1

γi j (sk( j))−2
]

min
i∈M

(sk(i))E
(

max
i∈M

Vk(y(t), i)
)

+ 2hk(sk(i))−2
n

∑

l=1,l,k

|akl(i)|Ml max
i∈M

(sk(i)) max
i∈M

(sl(i))
√

E min
i∈M

Vk(y(t), i)
√

E min
i∈M

Vl(y(t), i)

+ 2hk(sk(i))−2
n

∑

l=1

|bkl(i)|Ml max
i∈M

(sk(i)) max
i∈M

(sl(i)
√

E min
i∈M

Vk(y(t), i)
√

E min
i∈M

Vl(yτ(t), i).

According to the generalized Itô formula [11] and Definition 2, we have

D+EVk(y(t), r(t)) ≤ − pkE(Vk(y(t), r(t)) +
n

∑

l=1

qkl sup
−τ≤θ≤0

(

√

E(Vk(y(t), r(t))

×
√

E(Vl(y(t + θ), r(t))
)

+ Ik(t).

By Lemma 3.2 we have
EVk(y(t), r(t)) ≤ α2

kKe−2λt, t ≥ 0.

Combining the definition ofVk, it implies

lim sup
t→∞

ln E|y(t)|2

t
≤ −2λ. (26)
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i.e., (24) is exponential stability in mean square. Based on the mean square exponential stability and Assumption 3,
the almost surely exponentially stable follows by Theorem 7in [11]. Therefore, (25) holds. This completes the proof
of Theorem 3.2.2

Remark 3.5:Noting, forhk(yk(t)) = 1, dk(i, yk(t)) = dk(i)yk(t), system (24) reduces to RNNs with Markovian switch-
ing (see [12]). In [12], Shen and Wang showed that the RNNs with Markovian switching is exponentially stable under
the conditionpk −

∑n
l=1 qkl > 0. Obviously, thepk −

∑n
l=1 qkl > 0 implies thatP− Q is a nonsingular M-matrix when

taking the same matrixS(i), i ∈ M, and the convergence cannot be ascertained. As a result, theconditions imposed
on exponential stability have been improved.

WhenD(i, x) = D(x), A(i) = A, B(i) = B, then system (24) becomes a deterministic CGNN

ẋk(t) = hk(yk(t))
[

− dk(yk(t)) +
n

∑

l=1

akl fl(yl(t)) +
n

∑

l=1

bkl fl(xl(t − τl(t)))
]

. (27)

Remark 3.6: For system (27), the parameters in Theorem 3.2 become

pk = hkδk − hkakkMk, qkl =















hk|bkk|Mk, k = l,

hk|(akl| + |bkl|)Ml · (sk)−1 · sl , k , l.

and the main condition becomes diag{δ1, · · · , δn} − S−1(|Ā| + |B|)MS is a non-singular M-matrix. Noting that

S−1
(

diag{δ1, · · · , δn} − (|Ā| + |B|)M
)

S = diag{δ1, · · · , δn} − S−1(|Ā| + |B|)MS,

we then obtain the following corollary.

Corollary 3.2: If diag{δ1, · · · , δn} − (|Ā| + |B|)M is a non-singular M-matrix, then the deterministic neural network
(27) is almost surely exponentially stable.

Remark 3.7: Noting that whenhk(yk(t)) = 1, dk(yk(t)) = dkyk(t), system (27) reduces to the following RNN

ẋ(t) = [−Dy(t) + A f(y(t)) + B f(y(t − τ(t)))]. (28)

The criterion becomes that
(

D − (|Ā| + |B|)M
)

is a non-singular M-matrix. This happens to be the main results in
[32]-[34]. Hence, Theorem 3.3 and Corollary 3.2 developed here are more general than those in the above mentioned
literatures.

4. Numerical examples

In this section, two examples are demonstrated to show the efficiency of the criteria derived in Section 3.

Example 4.1:Consider the following two-neuron neural network with Markovian switching:

ẋ(t) = H(x(t))[−D(i, x(t)) + A(i) f (x(t)) + B(i) f (x(t − τ(t))) + U(t)], (29)

where the generator of the Markovian chain and parameters are

Γ =

(

−1 1
0.5 −0.5

)

, D(1) =

(

1 0
0 2

)

, D(2) =

(

1 0
0 1.5

)

, A(1) =

(

−0.8 0.1
0.4 −1.3

)

,

A(2) =

(

−0.5 0
−0.2 −2

)

, B(1)=

(

−0.1 0.1
−0.2 0

)

, B(2) =

(

0 0.2
−0.3 0

)

, U(t) =

(

0.1 sint
0.1 cost

)

,
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Figure(a). The transient state ofx1(t), x2(t) in present of inputu(t).

andh1(x1(t)) = 0.9+ 0.1 sinx1(t), h2(x2(t)) = 0.7+ 0.1 cosx2(t), fi(x) = 0.2 tanh(x(i)), i = 1, 2. Takingε1(1) = 0.4,
ε1(2) = 0.4, ε2(1) = 0.5, ε2(2) = 0.2, S(1) = diag{1, 2}, S(2) = diag{1, 2}, M1 = M2 = 1, a simple computation yields

p1 = 1.2, p2 = 1.64, q11 = 0.2, q12 = 0.8, q21 = 0.48, q22 = 0.

Clearly, all the conditions of Theorem 3.1 are satisfied. Therefore, from Theorem 3.1, we can see that the DCGNNs
(29) are exponentially input-to-state stable.
Remark 4.1: When the state spaceM = {1}, the system (1) degenerates into a deterministic system in [5] with σi j = 0
andci j = 0

ẋ(t) = H(x(t))[−D(1, x(t)) + A(1) f (x(t)) + B(1) f (x(t − τ(t))) + U(t))]. (30)

Then, by Theorem 3.1, we can see that the system (30) is exponentially input-to-state stable. Now we process to apply
the criteria in [5] to show the effectiveness of our results. For system (30), the parameters in [5] can be rewritten as

T11 = 0.5, T22 = 0.5, T12 = 0.05, T21(t) = 0.8, H11 = 0.1, H12 = 0.05, H21 = 0.4, H22 = 0.

It is easy to see the condition
∑2

j=1[T1 j(t) + H1 j ] = 0.5+ 0.05+ 0.1+ 0.05= 0.7 < 0 of the criteria is not satisfied. It
implies that the system (30) can not be easily tackled by the method in [5].

Example 4.2: When H(x(t)) = 1, D(i, x(t)) = D(i)x(t), consider the following two-neuron neural networks with
Markovian switching:

ẋ(t) = −D(r(t))x(t) + A(r(t)) f (x(t)) + B(r(t)) f (x(t − τ(t))), (31)

where the generator of Markov chain and parameters are

Γ =

(

−1 1
1
2 − 1

2

)

, D(1) =

(

1 0
0 1

)

, D(2) =

(

1 0
0 1

)

, A(1) =

(

1.2 0.8
0.8 0

)

,

A(2) =

(

−1 0.1
0 −0.3

)

, B(1) =

(

1 0.9
0.9 0.7

)

, B(2) =

(

0.2 0.3
0.3 0.5

)

.

and f (x) = 0.15x. TakingM1=M2=0.15,S(1) = diag{1.1, 1.1}, S(2) = diag{0.9, 1}, the parameters in Theorem 3.2
can be easily derived as

P =

(

0.82 0
0 0.9

)

, Q =

(

0.3 0.26
0.26 0.1

)

.

It is clear thatP− Q is a non-singular M-matrix. Therefore, from Theorem 3.3, wesee that the system (31) is expo-
nentially stable.

Remark 4.2: When choosing the same matrixS(1) andS(2) as that in Example 4.2, the parameters in [12] becomes

p1 = 0.77, p2 = 1.47, q11 = 0.3, q12 = 0.5, q21 = 0.51, q22 = 0.21.

It is easy to verify that the conditionsp1 = 0.77 <
∑2

l=1 q1l = 0.3+ 0.5 = 0.8 of Theorem 4 in [12] do not hold. By
Remark 3.5, we can conclude that the conditions of Theorem 3.2 are easier to verify than those in Theorem 4 in [12].
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Figure(d). The transient state ofx1(t), x2(t) without inputu(t).

5. Conclusions

In this paper, we have investigated the stability for DCGNNswith Markovian switching. Firstly, by utilizing
the vector Lyapunov function and property of M-matrix, two generalized Halanay inequalities have been established.
Secondly, by applying the novel Halanay inequalities, sufficient criteria on mean-square exponential ISS for DCGNNs
with Markovian switching have been obtained. Finally, two numerical examples and their simulations are provided to
illustrate the effectiveness of our results.
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