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Abstract

This paper studies the mean-square exponential inpugate-stability of delayed Cohen-Grossberg neural networks
with Markovian switching. By using the vector Lyapunov ftioa and property of M-matrix, two generalized Halanay
inequalities are established. By means of the generalizdahidy inequalities, $hicient conditions are also obtained,
which can ensure the exponential input-to-state stalfifelayed Cohen-Grossberg neural networks with Markovian
switching. Two numerical examples are given to illustrate dficiency of the derived results.
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1. Introduction

In 1983, Cohen and Grossberg presented a neural networklfiidh is now called Cohen-Grossberg neural net-
work(CGNN). As we know, Cohen-Grossberg neural networkhigte the famous Hopfield neural networks, cellular
neural networks as its special cases. This model has beémmeaih considerable attention due to its wide applica-
tions in various areas such as pattern classification, edés@cmemory, parallel computation, optimization, syste
identification and control, moving object speed detectiothso on. Accordingly, a great number of results have been
published concerning CGNNs [2]-[7] and the referenceglditerein.

Time delays are unavoidable in hardware implementatiomgya the finite switching speed of amplifiers. It may
often leads to the oscillation, divergence, and even iigtaturing the application of neural networks. In the pfest
years, delayed neural networks have been extensivelyestingi researchers and there have appeared a large number
of results in the literature, for instance [2], [5], [7]-[@hd references therein. In addition, since Markovian jump
linear systems were firstly introduced in early 1960s, waisystems driven by continuous time Markovian chains
have been widely employed to practical systems where thgyaxgerience abrupt changes in system structure and
parameters. In such a case, neural networks can be repédmnt switching model which can be regarded as a
set of parametric configurations switching from one to aeo#tcording to a given Markovian chain (see [10]-[15]).
Taking the time delays and Markovian switching into acceitnis actually valuable to investigate the stability of
delayed Cohen-Grossberg neural networks (DCGNNSs) wittkMaan switching.

It is well-known that the stability of neural network is natlg the most basic and important problem but also the
foundation of neural network’s applications. Recentlgréthhave been a lot of literature on the stability analysis of
neural networks reported in the literature (see [16]-[2&)) the other hand, the input-to-state stability (ISS) is on
of the useful properties for nonlinear systems (see [5), [The ISS concept means that no matter what the initial
state is, if the inputs are uniformly small, then the stat¢hef neural networks must eventually be small. fiecs
an dfective way to handle the stabilization of neural networkl@gions in the presence of various uncertainties.
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Recently, some results on the ISS properties are obtaimeteforal networks. For example, Sanchez and Perez [23]
investigated the ISS properties and gave some matrix normdittons on ISS of recurrent neural networks (RNNs)
firstly. Ahn utilized Lyapunov function method to discus$ust stability problem for a class of RNNs, and also
some LMI sufficient conditions have been proposed to guarantee the IS3Hn |t is Zhu and Cao who firstly
investigated the exponential ISS for stochastic neuraloids in [7] and [25] . Recently, we have also noticed that
some scholars begin to discuss the exponential stabilitgofal networks by means of the vector Lyapunov function
methods, see e.g. [5], [8], [12]. For example, Shen and WAR{ tiave considered the exponential stability of
DRNNs with Markovian switching by a generalized vector Hag inequality. By using the Razuminkhin technique,
two suficient criteria on mean square exponential ISS of stochdstayed exponential ISS of are derived in [5]. It
is well-known that the existing criteria can not handle thpanential ISS of DCGNNs with Markovian switching,
since the simulataneous presence of external input itenswitdhing mechanism. To the best of our knowledge, the
exponential ISS of DCGNNSs with Markovian switching has se#y been investigated. As such, this issue constitutes
the first motivation of this paper.

Moreover, for most of the existing stability criteria forural networks, described by scalar Lyapunov function or
vector Lyapunov function, the time-delayed item and the-delay item are separated in correspondifigpperator
differential inequality. It is well-known that the cross item#l wevitably arise when using the Lyapunov function
to study the stability of delayed systems. While most salsataoose to use the elemental inequality to deal with the
cross items. As a result, these proposed methods seem toreecorservative. Naturally, an interesting question is
generated whether the cross items could arise in the vé€toperator diterential inequality? Solving this problems
is the second motivation of this paper.

Summarizing the above statements, the focus of this pafgerdscuss the exponential ISS for DCGNNs with
Markovian switching, and obtain the criteria described bygter.Z-operator diferential inequality with cross items.
The main contributions of this paper lie in two aspects: 1)uBing the vector Lyapunov functions and stochastic
analysis technique, two generalized stochastic vectoartdsl inequalities are established; 2) Based on the novel
Halanay inequalities, glicient algebraic criteria with less conservative are olet@ito ensure the ISS in mean square
sense.

The remainder of this paper is organized as follows. Se@imtroduces the model of DCGNNs with Markovian
switching and gives some necessary notations. Sectiorsgipithe main results. Two numerical examples are given
to show the &ectiveness of the main results in Section 4. Finally, codtiolg remarks are made in Section 5.

2. Models and preliminaries

Throughout this paper, unless otherwise specified, w&gt( {F}i>0, P) be a complete probability space with a
filtration {F}i-0 Satisfying the usual conditions (i.e., itis right contims@nds contains all P-null sets). Let> 0 and
C = C([-7, 0], R") denote the family of continuous functiopsrom [—, 0] to R" with the normllell.=sup_, g0 le(O)I,
where| - | is the Euclidean norm iR". Denote byL?gt the family of allC([-, 0]; R")-valued,F;—adapted stochastic

variablesy = {¢(s),—7 < s < 0} such thatf_OT Elp(s)’ds < oo, whereE stands for the correspondent expectation
operator with respect to the given probability measur@bl€he set of all essentially bounded functiansk, — R",
endowed with essential supremum naofafi., = sugju(t)|,t > 0}, is denoted byL". A functiony : R, —» R, is
said to be class o if it is continuous and strictly increasing and satisi8) = O; it is of classK. if in addition
¢(s) = 0 ass — 0. LetG is a vector or matrix. BYc > 0 we mean that each element®fis non-negative. By

G > 0 we mean that all elements Gfare positive. And iG = (gij)nxn € R™", we denotdG| = (19ij[)nxn: G = (Gij)nxn
with gij = gij(i # j), Gi = ¢ = maxg;,0}, i = 1,---,n. Moreover, we also adopt here the traditional notation by
letting

Z™" = {A = {&j}nxn : @) < 0,0 # j}.
Let {r(t)(t > 0)} be a right-continuous Markovian chain on the probabilitpeg taking values in a finite state
spaceM = {1,2,--- , N} with generatol'=(yij)nxn given by
’yijA + O(A) i # J
1+yiiA+0(A) i=j,
2

Pir(t+4) = i) = i) ={



whereA > 0. Herey;j > 0 is the transition rate fromto j if i # j while y; = —Xi.jyij.
In this paper, we consider a DCGNN with Markovian switching

(1) =h(x(0)] — ck(r (D %) + ) (T ©) (4(0)
=1

1)
n
# ) Bt - n@) +u@lde  k=1.2--.n,
1=1
for t > 0 with initial value& € C, rp € M, wherex(t) = (xu(t), Xao(t), - - - , X-(t))T is the state of the neuron at

timet, H(x(t)) = diaghi(xa1(t)), ha(X2(t)), - - - , hn(Xn(t))) represents the amplification function of the neuronratti,
D(i, x(t)) = diag@(i, x1(t)), da(i, X2(t)), - - - , dn(i, Xa(t)))T is the appropriately behaved function dependerttamd on
the state processeg), while A(i)=(ax(i))nxn andB(i)=(bw(i))nxn describe the connection weight matrices associated
without delays and with delays, respectively(-) | = 1,---,n denote the time-varying delay, that satisfies<0
71(t) < 7, wherer is the maximal delay.U(t) = (uy(t), ux(t),--- ,un(t))" is the external input function at timie
Fx(R) = (Fa(xa(t), f20%e(0), -, fa(Xa(0)T @nd f(x(t = 7(1))) = (fr(xa(t = 72(D), fo(¥e(t = 72(1)), - -, Xt = 7n(D))"
are vector-valued activation functions.

In order to prove our main results, we make the following agstions on the amplification functions, behaved
functions, and activation functions.

Assumption 1: There exist positive constarttg, hy such that
O<h <h(¥) <h, xeR k=1,2,---,n.
Assumption 2: Fori € M, there exist positive constanig(i) such that
Xa(i, X) > 6k(i)%?, xe R k=1,2,---,n.
Assumption 3:. There exist positive constant4 such that

0< fil(®) = fi(y)

X=y
Let C>Y(R" x R, x M;R,) denote the family of all nonnegative functio$x, t,i) on R" x R, x M, which are
continuously twice dferentiable inx and once irt. Then we can define an operat#V from R?" x R, x M to Rby

<M, x,yeR k=1,2,---,n.

VXY 1) = Ve(X L 1) + V(X 1, i){H(x)[—D(i, X) + A®i) f(x) + B(i) f(y) + U(t)]} + Zn: YiiV(x 1, j).
=1

Definition 1: The DCGNN with Markovian switching (1) is said to be meanaguexponentially input-to-state
stable, if there exist constants> 0, L > 0 andy € K., such that the solutioR(t; &, ro) satisfies

EIX(t; £ ro)l? < LE[IEl2e™ + o(Iull2).

for any¢ e Lzﬁ, u(t) € L1, ro € Mandt > 0.
Definition 2: Letg: R — Rbe a continuous function, defiliz"g the upper right Dini-derivative af as

D*g(t) = lim supw.

6—0*
Lemma 2.1: (Berman and Plemmons, 1979 [28]). Afe Z™" , then the following statements are equivalent:
(1) Alis a nonsingular M-matrix.
(2) Ais semipositive; that is, there existss> 0 in R" such thatAx > 0.
(3) At exists and its elements are all nonnegative.
(4) All the leading principal minors oA are positive.
Remark 2.1: Itis clear that mean-square exponential ISS is mean-sgxpmnential stability wheb = 0. Therefore,
mean-square exponential ISS is more general than meamnesepzonential stability.
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3. Main results

In this section, the stability is studied for the DCGNN witraMovian switching (1). To begin with, we introduce
the following Lemmas which will be used in the proof of the magésults.

3.1 Stochastic vector Halanay inequality

Lemma 3.1: Assume that(X) is a real-valuedf;-adapted process gn-t, ), let P = diag{p1, - - , Pn}, Q = (Oki)nxn
with pc > 0, gq = 0, kI = 1,2,---,n, and k(t),---,I(t) € L. Moreover, there exist functions;V--,V, €
C(R"x R, x M, R;) such that

DTEVK(X(L), t, r(t)) < — pEVA(X(L), t, r (1)) + Zn: Okl sm;po \/E\/|(x(t +6),t+0,r(t+0)) @
=1 —T<0<

X AVEVK(X(D), t, r (1) + 1k(b),

forallt > 0. If px — 2|1, qu > O, then for any initial data € C, ro € M, the solution of systeifi) has the following
property

EVi(X(t),t,r(t)) < Ke™ + g, t>0,k=12---,n. (3)

where K= 3¢ EVi(X(0),0,1(0)), A = Minycken Ak, A = suple > 0, px — XL, Gu€’™ — ¢ > 0}, B = MaX<ken ((pk -

Zl"zlqm)‘llf(), It = SURceer I(9), 11 = (1%, -+, ID)T.

proof: Let us first prove thail > 0. In fact, for any fixedk, let Fx(o) = px — 2L, Gue?” — o. Obvious,F(0) > 0.
FromF(c0) < 0 andFy(o) = -7 X[, 0ue?” — 1 < 0, there must exist a uniquig > 0 such thaf () = 0. From the
definition of A, we havel > 0. In order to prove (3), it is gficient to prove/1* € (0, 1)

EVi(X(t), t, r(t)) — g < Ke™*, t>0. (4)

Let Wi(t) = EVi(X(1), t, r(t)) — B, Z(t) = Ke=*'* for simplicity. If (4) is not true, then there must be a consta > 0
andk € {1, 2, --- ,n} such that

W(t) = Z(t"), (5)
D*Wi(t*) > D*Z(t"), (6)
Wi(t) < Z(t), k=1,2,---,n, te[0,t]. (7)

Since theg, is non-decreasing with simple computation shows that
D Wi (t*) = D*(EVK(X(t"), t", r(t")) = B) < DYEVK(X(tY), t*, r (t")).
Together with condition (2) yields

D Wi (t") < DTEV(X(t"), 1", r(t"))

< —PREV(X(), 1, r (1)) + Zn: Ga Sup VEVI(X(t* + ).t +6,r(t* + 6)) VEVR(x(t), t*, r(t)) + |-

=1 -71<6<0

< -pi(Kexp-2't) + ) + Z O \/(K exp-'t) + ) K expl-2(t — 1)) + ) + 1
=1

< —p,;(Ke‘“* +,8t) + Zn: qg,(K exp—A*(t* — 7)) +ﬂ‘) + 1

1=1

< (Zn: gae'" - pg)Ke’” - (p;— Zn: q;,)Bt +1E. (8)
=1 =1
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It follows from the definition oft andg! that

n

pk—zn:CIkleM—ﬂ*>0, I S(DE—Z%)HV~ 9)
=y

I=1
Substituting (9) into (8) yields

DF*W(t") < —A"K exp—A"t"} = D" Z(t").
It contradicts the inequality (6). Hence, (4) holds fortalt 0. Therefore, lettingl* — A, (2) holds. The proof is

completedD

Remark 3.1:In comparison with the vectoZ’-operator diterential inequality present in [5] and [8], the time-deldye
item and non-delay item are mixed in thdéfdrential inequality (2). Thus the magnification on the ciitss by the
elemental inequality could be avoided.

Remark 3.2:Whenl(t) = 0, the inequalities (2) can be rewritten as:
n

DTEVK(X(1), t, r(t)) < —pEVK(X(Y), 1, r (1)) + Z Qi SL;I)pO VEVI(X(t + 6), t + 6, r(t + 6)) VEVi(X(t), 1, (1))
=1 —T<6<

(10)

Itis just the Halanay inequalities that presented by Shen/dgang in [12] with constant cdicient. Hence, the vector
Halanay inequalities have been extended to a more genenal fo

Now we will provide a improved condition for vectd¥’-operator diferential inequality (10) on exponential sta-
bility by using the property of M-matrix.

Lemma 3.2: Assume that(¥) is a real-valuedfi-adapted process dr-1, ), let P = diag(p1, - - , Pn}, Q = (AQki)nxn
with pc > 0, g = 0, k, I = 1,2,--- ,n. Moreover, there exist functiong,V-- ,V, € C(R" x R. x M, R;) such that
(10) holds for all t> 0. If P — Q is a nonsingular M-matrix, then for any initial datae C, ro € M, the solution of
system(1) has the following property

(EVi(X(®), t, ()2 < K Y2exg-At}, k=1,2,---,n, (11)

t >0, wherea = (a1, ,an)" > 0, MiNigen ak > 1, 1 = MiNycken SUP{0 > 0, 0.5axpk — X1, 0.5a10k € — axo > O},
K are defined in Lemma.1.

proof: SinceP - Qis a nonsingular M-matix, there must exist= (1, --- ,@n)" > 0 with min<<, ax > 1, such that
Pkak — YL, aGu > 0. By virtue of similar technique presented in the Lemma &€ can show that > 0. Now we
process to prove (11). It is ficient to prove/A* € (0, 1)

(EVi(x(®), t, r())Y? < K2, t>0. (12)

Let Wi(t) = EVK(X(t), t, r(t)), Hk (t) = axK¥2e~*'t for simplicity. If (12) is not true, then there must exist anstant
t*>0andke {1,2,---,n} such that

W(t) = Hi(t), (13)
D*Wi(t*) > D*H(t*), (14)
Wi(t) < Hi(t), k=1,2,---,n, te[0,t]. (15)



By the definition of1, we have-A*ax + 0.5pkaxk + Z?:l 0.5a10x expA*7} < 0. Simple computation shows that
D*Hi(t") = 1" aiiKY? exp— 2"t}
n
> 0.5( — Praic + Z Qi exp{/l*r})Kl/2 exp-A"t*})
=1

n
> —0.5paiK Y2 exp—A"t"} + Z e expiA* TIK Y2 exp(—A*(t* — 1)}
1=1

n
> —0.5pW(t) + 0.5 ) ala sup Wi(t" +6). (16)
=1 —-70<0
Nothing that
n
(1D W(E') < ~PIWE(E) + D GaWi() Sup WA(E" + 0). (17)

=1

This implies

D Hi(t") > DTW(t").
It contradicts the inequality (15). Hence, (12) holds fdrtat 0. Therefore, lettingt* — A, (11) holds. The proof is
completedD

Remark 3.3: Obviously, the conditiomy > Y|, gu has been weakened to tHat- Q is nonsingular M-matrix. As a
result, the condition presented in [12] has been improved.

3.2 Exponential input-to-state stability
The main aim of the subsection is to establish criterion oamegjuare exponential ISS by the generalized vector
Halanay inequality presented in Lemma 3.1.

Theorem 3.1:Let Assumptiod —3 hold. If there exist positive diagonal matrice§ 5= diag{s,(i), - - - , s(i)}, i € M,
such that p— XL, ga > O, where

N
prc = min{ @14() ~ P - 2P M () 2 - 2.7 (3D) min{()

max{ (2hbdi) M(s() )} max{ ). k=1,
O = _
max{{20(()) 2(au(0)] + D) M) max(s()} max{s @), k1

then the systerfl) is mean-square exponentially input-to-state stable.

Proof: Let x(t) = X(t,&,r0), X' (1) = (t — (1), &, ro) for simplicity. Applying the It6 formula [11] tovi(X(t),i) =
(se(i)2x(0) yields

LV, X (1), 1) =2(36(0) XNk Os())] = ki, () + > @@ Cu(®) + D i) i (0) + uk(t)]
1=1 =1
N
+ i) 2
j=1

< = 20, ((0) 72X e(i, X(0) + 2Pi( (i) " xOlUk(®)] + 2hu(se(i) Z a(1)x(t) fi(x (1)
1=1

6



+ 2Re(se(i))” Z bra(1)%(8) i (1)) + Z i (s )

=1

2()

< = 2hy (s(i)) 26XV + hi(siD) (e (0) + o7 2hi(se(i))” Z a (1) () fi (xi (1)

n N
+ 20(sdD) D b OXOFOFD) + > 71 (1))
=1 j=1
< — p(e, i) min(sk(i)) ma>(sk(i))‘2xﬁ(t) + g thy ma><sk(i))-2u§(t)

+ 2hi (i)~ Z 2 (D)IM max(se(i)) max(s (i)) min(se(i)~x(O1 min(s i) ()

1=1,1#k
+ 2hi(s(@) 72 D 1bwa(i)IMy max(si(i)) max(s (i) min(s(i)) ~x(O) min(s () (4 ()1,
K ; K ! ieM ieM ieM ieM !

wherepk(e, i) = (2h5k(i) — hiek — 2@ Mi((i) 2 - X1 ¥ij ((J)) ). The well-known Holder inequality yields
that

EZVi(X(V). X' (0. 1) < = p(e. 1)) min(se(D) E(maxVidx(). 1)) + 1(0)

+ 2h(s(i) 2 Z [2a()IMi max(s(i)) max(s (1) | [E min Vid(x(©). 1) [E minVi(x().)

=11k

+ 2h(s(i) 2 Z 1D )IMy max(s(i)) max(si (i) | [E minVidx(®) ) [E minVi( (0. i),
=1

wherely(t) = & thy ma>(sk(i))‘2u§(t). According to the generalized Itd formula [11] and Defmit2, we have

D EW(X(. 1) = ~ PUEMAOO. 1) + ) o sup [ VEOAG.10)

=1 =00

x VEMVI(X( + 0), r(t))) (D).

wherepg(e) = Minicp prle, i) Miniea(sc(i)). SinceP = diagp, - . ., pn) andQ = (gu)nxn @re continuously dependent
on its elements, we can claim that there exists 0 such thapy(e) — XL, 0 > 0,k = 1,2,--- . n. It follows from
Lemma3.1, forank=1,2,---,

EVi(x(t).r(t)) <Ke " +4,  t>0,

wheregs! = maxi<k<n ((pk(g) -2 qk|)‘1llt() and A = miny<k<n sup{g > 0,pk(e) - XL, Que” — o > O}. Simple
computation shows that

K= ) EV(x0).r(0))< s Z EX(O)* <5 sup EIE@IP, (18)
k=1 ~r=<0<0
Elx(t)* < S(Ke™" + ). (19)

wheres = maXe1<i<n (i), S = MiNkepr1<i<n Sk(i). By the definition oﬂt we have

B = max((pk(s) qul) 4t )— els max( pu(e) — qul) 1hk) supZ u(s)

=1 <sstim
<& mfix((pk(s) ZQkI) lhk)IIUII2 (20)
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Substituting (18) and (20) into (19) yields

Elx(t)P? < SEl¢ll. e + rkg%x(eglﬁk)gznuui,

Then we have

ElIX(®)I* < LEJIEll.e" + ¢(ull),

wherel = NS, ¢(t) = Ne™ts2 max.<k<n ((pk(s) -3, qk|)‘1ﬁk)t.

Hence, from Definition 1, the DCGNN with Markovian switchiffj is mean-square exponentially input-to-state
stable. This completes the proof of Theorem 311.

Noting that wherh(x«(t)) = 1, dk(i, X(t)) = dk(i)x«(t), system (1) degenerates into the following recurrentaleur
network presented in [9]

dx(t) = [-D(r(0)x(t) + Alr()) f (x(1)) + B(r (1)) f(x(t — 7(1))) + U()]dt (21)

Then the parameters in Theorem 3.2 can be rewritten as
N
prc= min{ (20k(1) - 28 M(5() 2 - ; () 2 min ). (22)

max{2(s(i) Z(a()l + ba M max(s@imaxis @) k1

Okl = P .
ma{2(s()- 20D M| max| L), k=1,

(23)

Then Theorem 3 has a concise form for system (21) as follows:

Corollary 3.1: Systen{21)is said to be mean-square exponentially input-to-statelstaf there exist positive diag-
onal matrices %) = diagsi(i),- - - , s(i)}.i € M, such that p— Y| ; qu > 0.

Remark 3.4: Compared with the existing criteria on ISS in [5], [9] and [3he amplification on cross items by the
elemental inequality and Younger inequality could be agdidith the help of generalized vector Halanay inequality
presented in Lemma 3.1. It also can be concluded that ourri&8ian has less conservative than the existing criteria
in [5], [9] and [31], which can be illustrated by the numetiExample 4.1.

3.3 Exponential stability

WhenU(t) = 0, in this case, the exponential ISS degenerate into thenexyial stability. In this subsection, we
assume that (1) has a unique equilibrium pointLety(t) = x(t) — x*, g(y(-)) = f(x(:) + X*) = f(X*). Then (1) can be
rewritten as

dy(t) = HYO)[=D(r(. y(0) + Alr(©)g(y(t)) + B(r())g(y(t - =(1))ldt (24)

In addition, the activation functiog in (24) is also monotone nondecreasing and Lipschitz cootis likef in As-
sumption 3.

Theorem 3.2: Assume that there exist positive diagonal matricé3 S diag{s;(i), - - - , sa(i)}, 1 € M, such that P- Q
is a non-singular M-matrix with P= diag(p1,--- , Pn), Q@ = (Q)nxn, then for any initial valuet € C, rg € M, the
state \t, &, ro) of (24) satisfies

2
lim supw <-24, limsup <-4, as (25)

t—oo t—oo

8

Inly(t, &, ro)l
t



i.e., (24) is almost surely exponentially stable and mean square ext@ily stable, wherel = min<k<n sup{g >

0, 0.5akpx — XjL; 0.5010€" — axo > O}, with @ = (a1, -+, an)" > 0 such thatP — Q) > 0, min«k<n ek > 1, and
Pk, Gx are defined in Theorem 3.1.

Proof: Letyi(t) = Wi(t.£1o).¥[(t) = Wit — 7i(t). € ro) for simplicity. Applying the Itd formula toVi(y(t),i) =
(s(i)2lyk()I yields

LVY(), Y (1), 1) < = 20 (D)) 2YO (i, Yie(t)) + 2P Sc(i)) ZIVOIU(®)] + 2hie(s(@)) Z aw (Dyk® fi(yi (1)

1=1

n N
+ 2P 2 ) braliyk® OTO) + 71 (D)2
=1 =1
N
<~ [2ny(500) 2610) - 2080 M~ Y s (D) 2O
=1

+ 2087 T IMIVOINE + 2RS) 2 D DMyl 1)
1=1

I=11#k

N
<~ |2 (8 P6(0) ~ 2(50)) Pidiali)M - 2 (31))"2| min(s() max(s.) 0

PRS0 3 1M mats(0) e O) min ) Ol i) (0

+ 2h(S0) 2 Y 1o I max((0)) max(s () min(s() iyl min(s () 67 O):
=1

The well-known Holder inequality yields that

N
ELVi(Y(0, Y0 1) <~ | 20, (5))20(0) ~ 2(50) oM = 715 ?| min(s)E(max\i(y(0). )
=1

+ 2h(sd() étk [2(DIMi max(sq(i) max(s ) | [E minVidy(®). 1) , [E min Vi) 1)

+ 2R(sc)) 2 ) o (DIMy max(s(i)) max(s (i) \/E minVi(y(). i)\/E minVi(y"(t), ).
=1

According to the generalized Itd formula [11] and Definiti®, we have

D*EV(Y(0).1(1) < = PE(VKYQ- 1)+ ), G sup (VECA(D.1(0)
=1

-71<6<0

x VEMOE+0). 1)) + 100

By Lemma 3.2 we have
EVi(Y(t), r() < a?Ke?!,  t>0.
Combining the definition oY/, it implies
2
lim supw < -

t—oo

24. (26)
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i.e., (24) is exponential stability in mean square. Based on thamsquare exponential stability and Assumption 3,
the almost surely exponentially stable follows by Theoreim[21]. Therefore, (25) holds. This completes the proof
of Theorem 3.20

Remark 3.5:Noting, forhe(yk(t)) = 1, dk(i, yk(t)) = dk(i)yk(t), system (24) reduces to RNNs with Markovian switch-
ing (see [12]). In[12], Shen and Wang showed that the RNNIs Mirkovian switching is exponentially stable under
the conditionpx — Y./, g > 0. Obviously, theps — X[, qu > 0 implies thatP — Q is a nonsingular M-matrix when
taking the same matri$(i), i € M, and the convergence cannot be ascertained. As a resuttidéions imposed
on exponential stability have been improved.

WhenD(i, X) = D(x), A(i) = A, B(i) = B, then system (24) becomes a deterministic CGNN

() = YD) — o) + " @i (D) + Y Bl = m(0)) | 27)
=1 =1

Remark 3.6: For system (27), the parameters in Theorem 3.2 become

Tlbid M., k=1,
hd(@al + )My - (s) - s, kL.
and the main condition becomes di&g- - - , 6n} — S‘1(|A_| + |B|)MS is a non-singular M-matrix. Noting that

Pk = Sk — @M, O = {

S*l(diag{csl, -+, 6n) = (A + |B|)M)s = diag6y, -+~ , dn} = SH(A + [B)MS,
we then obtain the following corollary.

Corollary 3.2: If diag{d1,--- ,dn} — (|A_\| + |B|)M is a non-singular M-matrix, then the deterministic neuretivork
(27) is almost surely exponentially stable.

Remark 3.7: Noting that wherh(y«(t)) = 1, dk(Yk(t)) = dkyk(t), system (27) reduces to the following RNN

X(t) = [-Dy(t) + Af(y(1)) + Bf (y(t — =(1)))]. (28)
The criterion becomes théb — (|AT| + |B[)M) is a non-singular M-matrix. This happens to be the main tesal
[32]-[34]. Hence, Theorem.3 and Corollary 2 developed here are more general than those in the abovemesht
literatures.

4. Numerical examples

In this section, two examples are demonstrated to showftivgeacy of the criteria derived in Section 3.
Example 4.1: Consider the following two-neuron neural network with Mavian switching:
X(t) = HX(O)[-D(i, (1)) + A(i) F(x(1)) + B(i) f(x(t — (1)) + U(D)]. (29)
where the generator of the Markovian chain and parameters ar

11 10 1 0 08 01
r=(0.5 —0.5)’ D(l)z(o 2)’ D(Z)z(o 1.5)’ A(1)=(o.4 —1.3)’

A(2)=(:8:g _02),8(1)=(:8:; O(')l)’ B<2>=(_8.3 062)’ U(t)z(gfiinstt)’
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Figure(a). The transient state xf(t), x(t) in present of inputi(t).

andhy(x1(t)) = 0.9 + 0.1 sinx(t), ha(xo(t)) = 0.7 + 0.1 cosxx(t), fi(X) = 0.2tanhk(i)), i = 1,2. Takingey(1) = 0.4,
£1(2) = 0.4,2(1) = 0.5,£,(2) = 0.2, S(1) = diag(1, 2}, S(2) = diag(1, 2}, M; = M, = 1, a simple computation yields

P1= 1.2, P2 = 1.64, Ju1 = 0.2, Q12 = 0.8, Oo1 = 0.48, Oo2 = 0.

Clearly, all the conditions of Theorem 3.1 are satisfied. réfage, from Theorem 3.1, we can see that the DCGNNs
(29) are exponentially input-to-state stable.

Remark 4.1: When the state spacel = {1}, the system (1) degenerates into a deterministic systej with o; = 0
andcij =0

X(t) = H(X(®)[-D(L, x(1)) + AL F(x(1) + BLf (x(t - 7(1))) + UD)]. (30)

Then, by Theorem 3.1, we can see that the system (30) is expalheinput-to-state stable. Now we process to apply
the criteria in [5] to show theftectiveness of our results. For system (30), the paramet¢b$ can be rewritten as

T11=0.5, To = 0.5, T2 = 0.05, Toy(t) = 0.8, Hy; = 0.1, Hip = 0.05, Hyy = 0.4, Hyp = 0.
It is easy to see the conditi@le[le(t) + Hij] =05+ 0.05+ 0.1+ 0.05= 0.7 < 0 of the criteria is not satisfied. It
implies that the system (30) can not be easily tackled by thtad in [5].

Example 4.2: WhenH(x(t)) = 1, D(i, x(t)) = D(i)x(t), consider the following two-neuron neural networks with
Markovian switching:

X(t) = =D(r()x() + A(r() f(x(1)) + B(r () f (x(t - 7(1)). (31)
where the generator of Markov chain and parameters are
-1 1 1 0 1 0 12 08
(3 (3T we(d 1) wn( )
-1 01 1 09 0.2 03
A(Z)z(o —0.3)’ B(1)=(o.9 0.7)’ B(Z)z(os 0.5)'

and f(x) = 0.15x. TakingM;=M,=0.15,S(1) = diag1.1, 1.1}, S(2) = diag0.9, 1}, the parameters in Theorem 3.2
can be easily derived as
b (0.82 0) 0= (0.3 0.26)
“\0 09 T l026 o01)

Itis clear thatP — Q is a non-singular M-matrix. Therefore, from Theorem 3.3,s&e that the system (31) is expo-

nentially stable.

Remark 4.2: When choosing the same matfX1) andS(2) as that in Example 4.2, the parameters in [12] becomes
P1= 0.77, P2 = 1.47, Ji1 = 0.3, Q12 = 0.5, O21 = 0.51 Oo2 = 0.21

It is easy to verify that the conditionsy = 0.77 < 2,2:1 gy = 0.3+ 0.5 = 0.8 of Theorem 4 in [12] do not hold. By
Remark 3.5, we can conclude that the conditions of Theor@rar& easier to verify than those in Theorem 4 in [12].

11
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Figure(d). The transient state ®f(t), x»(t) without inputu(t).

5. Conclusions

In this paper, we have investigated the stability for DCGNMth Markovian switching. Firstly, by utilizing
the vector Lyapunov function and property of M-matrix, twengralized Halanay inequalities have been established.
Secondly, by applying the novel Halanay inequalitieisient criteria on mean-square exponential ISS for DCGNNs
with Markovian switching have been obtained. Finally, twomrerical examples and their simulations are provided to
illustrate the &ectiveness of our results.
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